The dynamics of dc driven chain of harmonically interacting atoms in the external sinusoidal potential ͑the Frenkel-Kontorova model͒ is studied. It is shown that in the underdamped case the motion of the topological soliton ͑kink͒ becomes unstable at a high velocity due to excitation of the localized intrinsic kink mode ͑the discrete shape mode, or discrete breather͒ in the kink tail. When the amplitude of the breather's oscillation becomes large enough, it decays into a kink-antikink pair. The subsequent collision of newly created kink and antikink leads to a sharp transition to the running state, where all atoms of the chain slide over the external potential almost freely.
I. INTRODUCTION
Driven dynamics of a system of interacting atoms is an interesting physical problem as well as it has important applications in mass and charge transport phenomena in solids and on crystal surfaces. One of important applications of driven dynamics has recently emerged in tribology studies, where a thin atomic layer is confined between two substrates which move with respect to one another ͑e.g., see ͓1͔ and references therein͒. Large-scale molecular dynamics simulation showed that this system exhibits a stick-slip motion on an atomic scale, which is explained by a sharp ͑first-order͒ transition of atoms in the confined layer from a ''locked'' state to the ''running'' state when the force applied to the upper substrate ͑or its velocity͒ increases over some threshold value. In the running state the atoms in the layer slide over the substrates almost freely, so the effective frictional force is small. If then the applied force decreases, the back transition to the locked state takes place at a smaller force, so the system exhibits hysteresis.
Such a behavior was observed in almost all systems studied: in three dimensional ͑3D͒ systems with realistic interatomic interaction ͓1,2͔, in the isotropic two dimensional ͑2D͒ system ͓3,4͔, in the anisotropic 2D system ͓5͔, in the one dimensional ͑1D͒ system with anharmonic ͑exponential͒ interaction ͓6͔, and in the classical Frenkel-Kontorova ͑FK͒ model ͓7,8͔, where the interatomic interaction is harmonic and the external potential is taken to be sinusoidal. Moreover, the hysteresis persists at nonzero temperatures ͓1-6͔.
A possible explanation of the hysteretic behavior may be done analogously to first-order phase transitions in thermodynamics: when the velocity of upper substrate increases, the temperature of confined layer may increase as well, so it has to melt finally, and this results in decreasing friction. However, it is hard to expect that the first-order phase transition exists in 1D systems, especially with repulsive interactions as was observed in ͓6͔. Therefore, it was proposed ͓6͔ that the sharp transition to the running state has a solely dynamical origin.
Indeed, the system of interacting atoms subjected to the periodic substrate potential has the degenerated ground state, and the mass or charge transport in the system is carried out by topological defects, the local compression or expansion of the system ͑e.g., see ͓9͔͒. These defects are known as kinks in the 1D FK model, and as domain walls or dislocations in 2D or 3D systems. However, these topological excitations usually cannot propagate with velocities higher than the sound speed. Thus, if one applies an external driving to accelerate the kink to a high enough velocity, its motion may become unstable and could result in a sharp transition to the running state. This scenario was observed in the simulation ͓6͔. The goal of the present work is to study this phenomenon in detail and to clarify the mechanism of instability of fast topological excitations.
We consider the classical FK model with harmonic interaction and sinusoidal substrate potential at zero temperature. Compared with the classical FK model ͑e.g., see ͓9͔͒, the new issues of the model under consideration are the following: we applied a dc force f to all atoms, and we assume also the external viscous damping with a coefficient , so the motion equation is
where x l is the coordinate of lth atom and g is the elastic constant of harmonic interaction between nearest-neighbor atoms. Throughout the paper we use the dimensionless system of units, where the atomic mass is mϭ1, the period of the external potential is aϭ2, and its amplitude is ϭ2. In these units, a characteristic frequency of atomic vibration at the minimum of external potential is 0 ϭ1, a characteristic time scale is 0 ϭ2, and the maximum value of the external dc force, when the minima of sinusoidal substrate potential disappear and topological excitations cannot exist anymore, is f ϭ1. We use periodic boundary conditions with the number of atoms NϭN s ϩ1, where N s is the number of wells of the periodic potential, so we have one kink ͑excessive atom͒ inserted into the commensurate structure. *Electronic address: obraun@iop.kiev.ua
The FK model as well as its generalizations were studied in a number of papers ͑e.g., see ͓9͔ and references therein͒. Without the external periodic potential the only excitations of the model are acoustic phonons with the spectrum ph (k)ϭck, where cϭ2ͱg is the sound velocity. However, with the presence of the external potential the spectrum becomes optical ph 2 ͑ k ͒ϭ min 2 ϩ2g͑1Ϫcos 2k ͒, ͑2͒
where min 2 ϭ(1Ϫ f 2 ) 1/2 and the wave vector k must belong to the first Brillouen zone, ͉k͉Ͻ1/2, so the phonon frequencies lie within the interval min р ph (k)р max , where max 2 ϭ min 2 ϩ4g. Besides, the FK model is nonlinear and admits two more kinds of excitations, the topological excitations called kinks and antikinks ͑they describe a local compression or extension of the chain respectively͒, and also the dynamical nonlinear excitations called discrete breathers ͑e.g., see ͓9͔͒. The kinks are responsible for the dc mobility in the FK chain. In the continuum limit approximation, which can be used at large values of the elastic constant, g ӷ1, the motion equation ͑1͒ reduces to the well-known sineGordon ͑SG͒ equation, and the kinks move freely along the system. In the discrete system the kink motion is not free, the kink must overcome some potential barriers known as the Peierls-Nabarro ͑PN͒ barriers, so the kink starts to move only if the dc force exceeds some threshold value f PN . Besides, at least in the anticontinuum limit ͑i.e., when gӶ1) the FK model supports the existence of localized nonlinear excitations, the so-called discrete breathers ͑DBs͒, which do not carry mass along the chain, but at a high amplitude of their vibration they may decay into a kink-antikink pair. These newly created kinks and antikinks then move independently and thus increase the system mobility. As will be shown in the present paper, namely the excitation of a discrete breather at the tail of moving kink is responsible for the instability of fast kink.
One more issue of the FK model is the existence of linear excitations of the kink itself, the so-called shape ͑internal͒ kink modes. Namely, if one looks for a solution of the motion equation in the form x l (t)ϭx l (kink) ϩ l (t) and then linearizes the resulting equation for , it may have localized solutions that describe small-amplitude oscillations of the kink shape. In the exactly integrable SG equation the only mode of this type is the zero-frequency Goldstone mode, which describes the translational invariance of the SG equation. In the discrete FK model, such a mode also always exists, but now it has a nonzero frequency ⍀ PN Ͻ min , which corresponds to the kink's oscillation in the minimum of the PN potential. However, when the model deviates from the exactly integrable one, so that the kink shape deviates from the SG form, there may appear additional shape modes, either the low-frequency shape modes below the phonon spectrum, or/and the high-frequency modes above the phonon spectrum of the discrete chain. Namely, the additional shape modes may appear due to deviation of the substrate potential from the sinusoidal form ͑e.g., see ͓9,10͔ and references therein͒, due to anharmonicity of the interatomic interaction ͓11͔, and even solely due to discreteness effects ͓10͔. Because the dc driving force f also leads to a change of the kink's shape, one may expect an appearance of shape modes for the driven kink as well. The shape modes are spatially localized objects with frequencies outside the phonon spectrum and, therefore, they correspond to long-living excitations of the system. This defines the importance of shape modes in system dynamics: for example, they may temporarily store energy at kinks' collisions. The shape mode can be treated as a discrete breather captured by the kink as was described in ͓12͔. The essential difference of the captured discrete breather from the free one is that due to the kink, the captured breather is a linearly stable excitation, while the free discrete breather needs a nonzero threshold energy to be excited.
The paper is organized as follows. In Sec. II we study the driven model in the continuum limit approximation. Then in Sec. III we present the simulation results for the discrete chain. Finally, Sec. IV concludes the paper.
II. CONTINUUM LIMIT APPROXIMATION
For a large value of the elastic constant, gӷ1, we can use the continuum limit approximation,
2 uЉ (x,t) , so that the motion equation ͑1͒ reduces to the form
where dϭ2ͱg is the width of the static kink ͑in our system of units dϭc). For the case of f ϭ0 and ϭ0, Eq. ͑3͒ reduces to the SG equation,
The kink ͑excessive atom͒ solution of Eq. ͑4͒ has the form
The SG kink, Eq. ͑5͒ can move with any velocity ͉v͉Ͻc and is characterized by the width d k (v)ϭd(1Ϫv 2 /c 2 ) 1/2 and the effective mass m k (v) 
. Considering the kink of Eq. ͑3͒ as a stable quasiparticle and assuming that its parameters at nonzero f and are the same as those of the SG kink, the steady-state kink velocity can be found approximately from the equation
The dependence, Eq. ͑6͒, is shown in Fig. 1 by the dotted curve. A general solution of Eq. ͑3͒ can be found numerically only. Looking for a steady-state solution in the form u(x,t) ϭu k (xϪvt), we obtain for the function u k (z) the ordinary differential equation
͑7͒
Introducing the new variables ϭu k (z) and w()ϭu k Ј(z),
Eq. ͑7͒ reduces to the first-order differential equation
The kink solution corresponds to the boundary conditions
where u f ϭsin Ϫ1 f. Close to the boundary points 0 ϭu f ϩ2 or 0 ϭu f one can use the expansion w() ϷwЈ( 0 )(Ϫ 0 ). Substituting this expansion into Eq. ͑8͒, we obtain
where
. Thus, we have to look for a separatrix solution of Eq. ͑8͒, which satisfies the boundary conditions ͑9͒ and ͑10͒, that is possible for a given value of the parameter vϭv k only. The dependence v k ( f ) obtained in this way for ϭ0.1 and gϭ1 ͑for other values of g one can rescale by introducing the dimensionless coordinate x ϭx/ͱg) is shown in Fig. 1 by the dashed curve. One can see that it practically coincides with the SG dependence, Eq. ͑6͒. Finally, the kink shape can then be restored from the function w() by the integration
The shape of the separatrix for different values of the external force f is presented as an inset in Fig. 2 , and the corresponding shape of the kink, in Fig. 2 . One can see that the shape of the driven kink is asymmetric at f 0, the kink ''head'' is sharper, while its ''tail'' is more extended than those of the SG kink, as it directly follows from Eq. ͑10͒. It is indicated, however, that in the continuum limit approximation the kink shape is monotonic for all values of the driving force.
III. DISCRETE CHAIN: SIMULATION RESULTS

A. Automodel solution
To find the dependence v k ( f ) for the discrete FK chain, we started from the f ϭ0 equilibrium state and slowly increased the force by small steps ⌬ f ϭ10 Ϫ3 with the rate 10 Ϫ3 . After every step of changing the force, we looked for a steady-state solution of the motion equation ͑1͒ by the following method. First, we made the second-order RungeKutta ͑RK͒ iterations for a time tЈϭ2N T ( f ) with the time step ⌬tϭT ( f )/M , where N is the number of atoms ͑in the simulation we used Nϭ128,256, . . . ,2048), M is an integer ͑we checked the results for M ϭ64, 128, 512, 1024, and 8192͒, and T is a parameter. At the beginning, i.e., at low forces f Ͻ f PN when the kink does not move, we used the value T ϭ10. We considered the kink as pinned if the velocity of the center of mass of the system averaged over the time tЈ ͗v cm ͘ϭ͚͗ l u l (tЈ)͘, was lower than 10 Ϫ4 c. When the kink starts to move, i.e., at f у f PN , first we used the estimation of the delay time T ϭ2/͗v cm ͘ for the value of T . Then we started to vary T and to test the value
looking for a minimum of the function ⌬U(T ) for a given t.
In more detail, we made iteration with T nϩ1 ϭ(1ϩ⑀)T n decreasing ⑀ by two times at each step starting from ⑀ϭ0.1 and changing its sign if necessary in order to decrease the value ⌬U at every step n. The iterations continued until ⑀ ϳ10
Ϫ15
. In this way we found the steady-state solution for every value of f, which corresponds to a zero of the function, Eq. ͑12͒, with an accuracy ⌬UϽ10
Ϫ13
, i.e., it satisfies the automodel condition as a function of the driving force f for gϭ1, ϭ0.1, and Nϭ128.
The dashed curve corresponds to the SG dependence, Eq. ͑6͒, and the dotted curve, to the kink velocity in the continuum limit approximation.
FIG. 2. Kink shape in the continuum limit approximation for ϭ0.1 and different values of the external force: f ϭ0.1 ͑the dotdashed curve͒, f ϭ0.6 ͑the dashed curve͒, f ϭ0.9 ͑the dotted curve͒, and f ϭ0.99 ͑the solid curve͒. Inset: the separatrix of Eq. ͑8͒ for the same model parameters.
where TϭT ϱ is the delay time. The kink velocity is then determined as v k ϭ2/T. The described algorithm allows us to calculate the dependence v k ( f ) with any desired accuracy ͑limited by accuracy of the RK method only, which is approximately the same for all values of the force due to the appropriate choice of ⌬t) and at the same time to test the automodel condition, Eq. ͑13͒, checking out whether the steady state is reached. Besides, this technique is faster than that used in ͓5,6͔, where the mean system velocity was calculated by averaging over long times. The algorithm with the fast Fourier transform ͓13͔ often used for such types of problems, also gives too slow convergence for the single kink problem.
To find the critical force f crit when the moving kink becomes unstable, we also controlled the value v cm at every RK step. When this value exceeds c, we returned back to the previously saved step of changing f, decreased ⌬ f by ten times, and repeated the simulation. The procedure was continued untill the accuracy ⌬ f ϳ10 Ϫ6 was reached.
The results of simulation for gϭ1 and ϭ0.1 are presented in Figs. 1, 3 and 4. First, the steady-state solution is automodel for any external force f PN Ͻ f Ͻ f crit . Second, the kink velocity in the discrete case is lower than that in the continuum limit approximation because of additional ͑intrin-sic͒ damping of kink motion due to discreteness effects. Third, while in the continuum limit approximation the steady-state solution of moving kink exists for any force f Ͻ1; in the discrete chain such a solution exists only for f Ͻ f crit , where f crit ϭ0.650 19 for the parameters used in Fig.   1 . At larger forces, f Ͼ f crit , the sharp transition to the running state takes place. The condition f crit Ͻ1 is satisfied and, therefore, the sharp transition to the running state exists only in the underdamped system, Ͻ max , when the kink can reach the critical velocity before the minima of the external potential disappear. For example, for gϭ1 we found that max ϭ0.385 7225.
The shape of running kink at different force values is shown in Fig. 3 . These dependences can be presented as functions of one independent variable z( f )ϭlϪt/T( f ), where l is the atomic index. Due to the automodel condition ͑13͒, the dependence u l (t) calculated for a time interval 0 ϽtϽNT for a given atom only, allows us to restore the evolution of all atoms in the chain, because each next atom repeats the trajectory of the previous atom in the chain with the delay time T. Note that in agreement with the continuum limit approximation, the discrete kink also has a sharp head and an extended tail, although the tail of the discrete moving kink has a complicated structure.
Comparing Figs shape of a moving kink in the continuum limit approximation, the discrete kink has its own intrinsic structure. For example, the kink tail in Fig. 3͑b͒ exhibits a spacial periodicity with a wave vector kϷ1/3. The periodicity of the kink's tail is seen more clearly in Fig. 4 , where we plot the velocities u l (t)ϰϪuЈ(z) versus the relative displacements ⌬u(z) ϭu(zϩ1)Ϫu(z) for all atoms for the interval 0ϽtϽT. For a given time t, such a picture corresponds to the stroboscopic map of the system. Recall that in the continuum limit approximation this dependence should be linear, because u (x,t)ϭϪv k uЈ(x,t) in this case.
B. Instability of fast kink
To understand a mechanism of instability of fast kinks, first we studied the dependence of critical values on system parameters. Figure 5 demostrates the critical kink velocity v crit as a function of the external damping for a fixed value of the elastic constant g. The instability exists only for the underdamped case, Ͻ max , when the kink can reach the critical velocity, which is close to the sound speed c, at some force f crit Ͻ1. At large frictions the maximum kink velocity is lower than c even in the f →1 limit, and the transition to the running state takes place at f ϭ1 only, simply because the minima of the external potential disappear and all atoms go to the running state simultaneously.
In Fig. 6 we present the dependences of v crit and crit on the discreteness parameter g for a fixed value of the external force f ϭ0.7. In this simulation we used the following algorithm ͓14͔. First, we prepared the initial configuration by relaxing the equidistant configuration at f ϭ0 for a given value of g. Then we applied the dc force f ϭ0.7 and allowed the system to reach a steady state, waiting a transient time t tr ϭ32 0 . At the beginning, the external damping was taken to be large, ϭ1 ͑recall that the characteristic frequency of atomic vibration is 0 ϭ1). After that we decreased the damping coefficient with small steps ͑each new value of was obtained from the previous one by dividing over 1.027 46, so we made 256 steps for changing from ϭ1 to ϭ10 Ϫ3 ), and at each step we first waited for a time 32 0 to allow the system to reach a new steady state, and then for the next time period t av ϭ32 0 we measured the average system velocity. From these simulations one can see that the transi- and two values of the elastic constant (gϭ1/3 and gϭ1).
tion to the running state takes place when, due to the relativistic narrowing, the kink width d k ϭd(1Ϫv 2 /c 2 ) 1/2 becomes small, d k Ͻa, so that the discreteness effects ͑oscillation of the moving kink in the PN potential͒ have to become too large.
In Fig. 7 we plot the stroboscopic map of the running kink for different values of the parameters g and for the external force just before the kink is destroyed, when v k →v crit (g,). One can see that the kink tail at f ϭ f crit always demonstrates a periodic structure with relatively simple rational wave vectors like kϭ1/2, kϭ1/3, etc.
C. Kink's tail
The periodicity of the kink's tail may be explained similarly to the work of Peyrard and Kruskal ͓15͔. In the frame comoving with the kink, the phonon spectrum is modified due to Doppler's effect, ⍀ ph (k)ϭ ph (k)Ϫkv k . The kink may be followed by a standing wave ͑the wave comoving with the kink with the same phase velocity͒ if
This equation always has one or more solutions as shown in Fig. 8 in the extended Brillouin zone scheme: ͉k͉Ͻϱ. At large kink velocities v k Ͼ2 max , this solution corresponds to the wave vector within the first Brillouin zone ͓see curve ͑c͒ in Fig. 8͔ . At lower kink velocities the solution belongs to the second Brillouin zone ͓curve ͑b͒ in Fig. 8͔ , then to the third Brillouin zone, etc. In the restricted Brillouin zone scheme, where ͉k͉Ͻ0.5, we have to look for solutions of the equation ⍀ ph (k)ϭnv k , where nϭ0,Ϯ1, . . . is an integer. The graphical solution in this scheme is shown in Fig. 9 . The solution with nϭ0 corresponds to the resonance of the washboard frequency wash ϭv k with phonons, so the solutions with n 1 may be called ''super-resonances'' ͓7͔. The dependence k res (v k ) obtained by numerical solution of Eq. ͑14͒ is shown in Fig. 10 . Note that at small kink velocities Eq. ͑14͒ has more than one solution. For example, for the case shown by curve ͑a͒ in Fig. 8 , the lowest root corresponds to the oscillation behind the kink ͑the group velocity of phonons v gr ϭd ph (k)/dk is negative͒, and the second one to the oscillation ahead of the kink (v gr Ͼ0). Indeed, from Fig. 11 one can see that while at large velocity the kink shows oscillations in its tail only, at low velocities there are also oscillations ahead of the moving kink.
To show that the described resonances are responsible for the tail's oscillation, we calculated the spacial Fourier transform of the kink shape
The function G(k) is shown in Fig. 12 . Then we found the maxima of G(k) for different kink velocities and plotted their positions in Fig. 10 . One can see that the short-wave component of kink tail oscillation is characterized by the wave vector which coincides with that obtained from the solution of Eq. ͑14͒ ͑see triangles in Fig. 10͒ . In particular, for the force f ϭ0.65, which is close to the critical force, we FIG. 8 . Graphical solution of Eq. ͑14͒ in the extended Brillouin zone scheme for: ͑a͒ f ϭ0.025, ͑b͒ f ϭ0.1, and ͑c͒ f ϭ0.5. To study the resonances in more details, we also calculated the response function F(k,) in the following way. We solved simultaneously the unperturbed motion equation ͑1͒ and the disturbed equation, where a small noise ␦ f l (t) ϭ⑀r l (t), where ⑀ϭ10 Ϫ4 and r l (t) is a random number uniformly distributed within the interval Ϫ1Ͻr l (t)Ͻ1 was added to the external force f. Then we made the spatialtemporal Fourier transform of the difference of the disturbed and undisturbed solutions F(k,). ͓In fact, we simultaneously used six disturbed equations with different initializations of the random number generator and then averaged the calculated F(k,) values. Besides, to minimize a drift of the kink velocity due to noise, we orthogonalized the noise to the velocity vector ͕u l (t)͖, r l (t)→r l (t)
In Fig. 13 we plot ln͉F(k,)͉ as a gray scale map. Comparing these pictures with the restricted Brillouin zone ͑Fig. 9͒ we conclude that namely the excitation of phonons is responsible for the oscillating kink tail. However, Fig. 13 shows one more very important result: close to the critical velocity one can see from Fig. 13͑c͒ and especially Fig. 13͑d͒ that the resonance is spread. This indicates that just before the instability, the excitation becomes spatially localized.
Another indication that the kink shape has a complicated structure just close to the critical velocity, follows from the Fourier transform, Eq. ͑15͒, of u l (t). As can be seen from Fig. 12 , close to v crit the function G(k) shows an additional peak corresponding to spatial oscillation of the tail with a small wave vector kϽ0.1 and frequency Ӷ min . This new branch is also shown in Fig. 10 by circles. We interpret these effects as an indication of the appearance of a shape mode ͑discrete breather͒ of the moving discrete kink just before it is destroyed. The same conclusion follows also from the Floquet analysis described in the next Sec. III D.
D. Floquet analysis
The motion equations ͑1͒ can be rewritten in a matrix form for the 2N vector Xϵ͕x l ,ẋ l ͖ as
Let X kink (t) be the steady state ͑automodel͒ solution of Eq. ͑16͒, and let us look for a general solution in the form X(t)ϭX kink (t)ϩY (t), assuming Y (t) to be small. Then Y (t) has to satisfy the linearized equation
where B(t)ϭ␦G/␦X. A formal solution of this equation is corresponds to the time-ordered matrix exponent which is defined as the limit of product
where B k ϭB(k ⌬t), ⌬tϭT/M , and the limit M →ϱ is assumed. Calculation of the expression ͑20͒ is connected with a large number of matrix multiplications. Instead, from Eq. ͑19͒ one can derive the differential equation for the matrix C(t,0)
where J is the 2Nϫ2N identity matrix, and then to solve Eq. ͑21͒ with the RK method. This procedure is about ten times faster than that with the exponents' multiplication. To simplify the calculation, we also used the substitution
so that Eq. ͑21͒ takes the form
where C (t,0)ϭC(t,0)exp(t/2), and the matrix B (t) has the form
͑24͒
where I is the NϫN identity matrix, and the matrix A(t) is defined by
with a l (t)ϭϪ2Ϫcos x l kink (t)ϩ(/2) 2 . The Floquet technique deals with the stability of time periodic solutions. In the model with periodic boundary conditions we have to choose the time NT as the period of kink motion along the whole system. Integration of Eq. ͑23͒ over the period NT determines the Floquet matrix C (NT,0) which linearly relates Ỹ (NT) to its initial value Ỹ (0). Then, we have to solve the corresponding eigenproblem,
The time NT in Eq. ͑26͒ can be reduced to T with the help of the automodel condition ͑13͒ of the steady-state solution. Indeed, taking into account the automodel condition, one can write
where p is the cyclic shift matrix 
͑28͒
The matrix C is transformed correspondingly as
where P is the block matrix
͑30͒
So, we have
or by using P N ϭI, owing to periodic boundary conditions, we finally obtain
Thus, we can use the matrix S(T)ϭ P Ϫ1 C (T,0) and look for a solution to the eigenvalue problem S(T)Ỹ ϭỸ . Then ϭ N , and finally the eigenvalues of the primary matrix C(NT,0) are ϭ exp(Ϫt/2). Note that the substitution, Eq. ͑22͒, does not affect the eigenvectors of the problem. The procedure described above was performed for different time steps of the RK method ⌬tϭT/M with M ϭ64,128, . . . ,8192 for the chain of Nϭ128 atoms. We determined the dependence of the accuracy of the solution of the eigenvalue problem on the accuracy of calculation of the steady-state kink shape using, as the test condition, the fact that for the exact solution one of the eigenvalues must be equal to 1 ϭ1, and the corresponding eigenvector must be proportional to Ẋ kink (t). We found that decreasing the time step ⌬t leads to some improvement of the results ͑for example, ͉ 1 Ϫ1͉ϳ10 Ϫ4 for M ϭ64 and ͉ 1 Ϫ1͉ϳ10 Ϫ10 for M ϭ8192, correspondingly͒, but the qualitative picture remains unchanged, so in order to reduce the computational time we performed most of calculations with M ϭ64.
The results of the calculation are the following ͑see Figs. 14-16͒:
͑1͒ All eigenvalues lie symmetrically with respect to the circle of radius Rϭexp(ϪT/2) ͑recall that T depends on the force f ) and have properties similar to those for the Hamiltonian problem, where the corresponding Floquet matrix is symplectic. Namely, we determined that if is an eigenvalue, then *, R 2 /, and R 2 /* are also eigenvalues with the same numerical accuracy.
͑2͒ The two eigenvalues are always real, 1 ϭ1 ͓this trivial solution corresponds to the translational, or phase mode with the eigenvector Y 1 (t)ϰẊ kink (t)] and, symmetrically to it, 1 Јϭexp(ϪT). Note that for time-reversible ͑e.g., Hamiltonian͒ systems these eigenmodes are twice degenerated and both correspond to the ϭ1 eigenvalue ͑e.g., see ͓16͔͒.
͑3͒ At small forces, f Ӷ f crit , all other eigenvalues lie on the circle R. With the increase of f some of eigenvalues may ''collide'' and go out of the circle, probably due to parametric resonances, but then they come back to the circle. Because the eigenvalues do not go outside of the Rϭ1 circle, this effect does not lead to an instability as it does in Hamiltonian systems.
͑4͒ At high forces close to f crit ͑namely, for f Ͼ0.646 676 04 for the chosen set of parameters͒, another pair of eigenvalues 2 and 2 Ј become real and leave the R ϭexp(ϪT/2) circle as is demonstrated in Fig. 15 . At f → f crit this second pair approaches the first one, 2 → 1 and 2 Ј→ 1 Ј ͑see Fig. 16͒ . The corresponding eigenvectors also tend to one another. A general Floquet theory states that when two eigenmodes coincide having the ϭ1 eigenvalue, the corresponding steady state of the system becomes unstable ͑e.g., see ͓17͔, Chap. I, theorem 3.2͒.
Evolution of the eigenvalues 2 and 2 Ј and the corresponding eigenvectors Ỹ 2 and Ỹ 2 Ј with changing dc force f is presented in Figs. 16 and 17. One can see that at the beginning, when the 2 mode just emerges ͓Fig. 17͑a͔͒, it corresponds to an almost pure phononic ͑nonlocalized͒ mode, but with increasing f the degree of its localization increases.
Thus, the 2 Ј mode can be considered as the discrete breather solution excited by the moving kink. From the inset in Fig. 1 one can see also that just before f crit the kink velocity sharply increases, d
2 v k /d f 2 changes its sign, and dv k /d f tends to infinity at f → f crit (dv k /d f Ϸ10.5 at f ϭ0.65 and dv k /d f Ϸ2.89ϫ10 3 at f ϭ0.650 19).
E. Kinetics after kink destroying
To study the scenario of kink destroying in details, we started from the steady state corresponding to the kink mo- 
tion with v k Ϸv crit ( f ϭ0.65 for the parameters gϭ1 and ϭ0.1) and then slightly increased the force ͑to the value f ϭ0.651). The results of simulation are presented in Fig. 18 , where we plot u l (t) versus the index l for different time moments, each next curve being slightly shifted upstairs and to the right. One can see that the scenario is the following. The first event is the creation of a new kink-antikink pair in the tail of the primary kink. The newly created antikink moves to the left, while the primary kink and the newly created kink produce the ''double'' kink which moves as a whole. Then one more kink-antikink pair is created in the tail of the double kink; again the second antikink moves to the left, while the new kink plus the double kink produce the ''triple'' kink. Then, the first antikink creates behind itself one more kink-antikink pair. The kink from this last created pair moves to the right and finally meets with the second antikink. After their collision an avalanche starts to grow. Figure 19 shows the evolution of the total system velocity v tot (t)ϭ ͚ l u l (t) during this process. When the first kinkantikink pair is created, v tot increases two times ͑see details in inset of Fig. 19͒ , then it again increases at the next creation events, and finally, when the avalanche starts to grow, v tot begins to increase linearly with time with the velocity 2c, so that both fronts of the running domain move with the sound speed. (2) 2 and ͑b͒ the atomic velocities v l (t). Parameters are as in Fig. 18 . ϭϪ͓u lϩ1 (t)Ϫu l (t)͔/ (2) 2 , which describes the density of excessive atoms in comparison with the commensurate structure, and the atomic velocities u l (t) for a fixed time moment. One can see that in the running domain the atomic velocities are almost constant and are approximately equal to the maximum atomic velocity f /ϭ6.5, and that ahead of the fronts of the running domain, one can see the running triple kink and the double antikink.
The shape of the function (x,t) in the running domain may be explained in the following way. Differentiating Eq. ͑3͒ over x, we obtain for the function (x,t)ϭ ϪuЈ(x,t)/2 the following equation:
ϩ ϪЉϩ͓cos u͑x,t ͔͒ ϭ0. ͑33͒
Averaging this equation over time for a period T, we obtain for a slowly varying component of the density the following equation:
Љ͑x͒ϩk r 2 ͑ x ͒ϭ0, ͑34͒
where k r 2 ϭϪ͗cos u(x,t)͘ and 0Ͻk r 2 Ӷ1. Thus, in the running domain (x)ϰsin k r (xϪx c ), where x c is the center of the running domain.
IV. CONCLUSION
Thus, we have studied the underdamped driven dynamics of topological excitations ͑kinks͒ in the discrete SG chain and showed that the steady-state kink motion is always automodel, each atom repeats the trajectory of the previous atom with the time delay Tϭ2/v k . The shape of moving kink is asymmetric, has a sharp head, and an extended oscillating tail. Due to discreteness effects the kink tail has a complicated intrinsic structure, and it shows spacial oscillations with the wave vector k defined by the resonance of the washboard frequency ϭv k with phonons.
At a large force, a localized shape mode ͑discrete breather͒ emerges in the kink tail. With increasing kink velocity, the amplitude of this excitation increases too, and at some critical velocity the DB decays into the kink-antikink pair. This instability exists only in the underdamped system, Ͻ max Ͻ0.5, when the kink can reach the critical velocity at a force lower than f ϭ1. In the overdamped system the kink velocity remains lower than the critical one even in the f →1 limit, so the sharp transition cannot emerge. The emission of kink-antikink pairs in the tail of the fast kink leads to the sharp transition to the running state just after the first collision of the secondary kink and antikink. At the collision, the atoms in the collision region go to the running state, and this running domain then grows with the sound speed. Atoms in the running domain have velocities close to the maximal value, while the atomic density has a cosine profile. Besides, we observed that the double and triple fast kinks in the front of the running domain remain stable, at least on the time scale of our simulation.
Although most of the simulation presented in the paper was performed for given parameters of the system (gϭ1 and ϭ0.1), we determined that the described scenario remains the same for other parameters as well. Thus, we conclude that the scenario described in the present work ͑i.e., the excitation of the discrete breather in the tail of the fast moving topological excitation, the decay of this DB into a pair of new topological excitations, then their collision with the subsequent growing of the running domain͒ should be generic for a wide class of nonlinear systems.
